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A CANONICAL WAY TO DEFORM
A LAGRANGIAN SUBMANIFOLD
Knut Smoczyk
May 22, 1996
Abstract. We derive some important geometric identities for Lagrangian subman-
ifolds immersed in a Ka¨hler manifold and prove that there exists a canonical way to
deform a Lagrangian submanifold by a parabolic flow through a family of Lagrangian
submanifolds if the ambient space is a Ricci-flat Calabi-Yau manifold.
0. Introduction
Let Ln be a smooth submanifold, immersed into a Ricci-flat Calabi-Yau man-
ifold M2n with complex structure J and metric g . Let ω = g(J ·, ·) be the
Ka¨hlerform on M and let g, ω denote the pullbacks on L . If ω = 0 , then
L is called Lagrangian. It is an interesting question, if there exists a canonical
way to deform an initial Lagrangian submanifold L0 through a family of subman-
ifolds Lt such that each Lt is also Lagrangian, i.e.
d
dt
ω = 0 and such that
the corresponding flow is parabolic. Given a 1-form on a Lagrangian submanifold,
one can first use the metric g to identify this 1-form with a vectorfield and then
apply the complex structure which by the Lagrangian condition maps this tangent
vector field to a normal vector field. Assuming that we deform the Lagrangian
submanifold in this direction one obtains the necessary condition that this 1-form
has to be closed in order to maintain the Lagrangian structure. This has been
proven in [6] but will also become clear in this paper. However, it is not obvious
if this is also sufficient. So if one wants to find such a canonical deformation the
first thing one has to make sure is that there exists a canonical, closed 1-form on a
Lagrangian submanifold. Surprisingly this is true if the ambient space is Ricci-flat.
The corresponding 1-form can be defined in terms of the second fundamental form
and we denote this 1-form by “mean curvature form” (see definition below) since
the resulting deformation vector field is given by the mean curvature vector which
can be defined for arbitrary smooth submanifolds. The organization of the paper
is as follows:
In paragraph 1 we state important geometric equalities some of which are anal-
ogous to the Gauss-Weingarten, Codazzi equations, etc. and define the mean cur-
vature form. Then we prove that the corresponding flow exists at least on a short
time interval and has a unique solution on the moduli space of smooth submani-
folds. Finally we derive an evolution inequality for the squared norm of ω which
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basically follows from the Ricci-flatness of the ambient space and with a parabolic
maximum principle we can prove that ω has to vanish identically if it vanishes
at t = 0 . Thus, if one wants to study the geometry of Lagrangian submanifolds
immersed into a Ricci-flat Calabi-Yau manifold this flow provides a tool and there
should be no doubt that this is a powerful tool since the corresponding mean curva-
ture flow for hypersurfaces in Riemannian manifolds has already given many results
(e.g. [5]).
In paragraph 2 we restate some equations derived in paragraph 1 which in the
context of a Lagrangian submanifold become very beautiful and eventually derive
the evolution equation for the second fundamental form and the mean curvature
form. We also state the evolution equations in the case where L is being deformed
by an arbitrary 1-form (formally). As a direct consequence of these evolution
equations we finally prove a useful theorem and the paper ends with some questions
and remarks.
1. Notations and preliminary results
Let us define the following map:
N : TpL
n → (TpL
n)⊥ , N(v) := (J(v))⊤ ,
where (TpL
n)⊥ is the normal space of L at p and ⊤ denotes the projection
onto TpL
n . In the forthcoming let us assume that L is a compact submanifold
such that N is always an isomorphism between TpL and (TpL)
⊥ . Then we
define the following tensor on L :
h(u, v, w) := −g(N(u),∇vw) = g(∇vN(u), w)
where ∇ denotes the covariant derivative on M . For a fixed vector u this is
the second fundamental form with respect to the normal vector N(u) . Assume
that F : Ln → M2n is an immersion, that xi, yα, i = 1 . . . n, α = 1 . . .2n
are coordinates for Ln, M2n respectively and set ei :=
∂Fα
∂xi
∂
∂yα
, where double
indices are always summed from 1 to n or to 2n respectively. Furtheron we
will always write 〈u, v〉 instead of g(u, v) . Then
gij = gαβ
∂Fα
∂xi
∂F β
∂xj
N(ei) = J(ei)− ω
l
i el
ωαβ = gβγJ
γ
α
ωαβ = −ωβα
∇J = 0
Since h(u, ·, ·) is the second fundamental form with respect to N(u) , we clearly
have
h(ek, ei, ej) = hkij = hkji
Now we ask: Under what condition is hijk also symmetric in the first two indices?
The answer is
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Proposition 1.1. hkij = hikj +∇jωik
Proof.
hkij = hkji = −〈N(ek),∇ejei〉 = −〈J(ek),∇ejei〉+ ω
l
k 〈el,∇ejei〉
= 〈ek,∇ejJ(ei)〉+ ω
l
k 〈el,∇ejei〉
= ωik,j − 〈N(ei),∇ejek〉 − ω
l
i 〈el,∇ejek〉+ ω
l
k 〈el,∇ejei〉
= hijk + ωik,j − ω
l
i 〈el, (∇ejek)
⊤〉 − ωlk〈el, (∇ejei)
⊤〉
= hikj +∇jωik
where we have used that
〈J(u), J(v)〉 = 〈u, v〉
∇J = 0
J2 = −id
We will need the following identity
Proposition 1.2.
∇k∇jωli −∇l∇jωki = ∇j∇iωlk +R
s
iljωks +R
s
ijkωls −R
s
jklωsi
Proof. This follows from the rule for interchanging derivatives and the fact that ω
is closed:
∇k∇jωli = ∇j∇kωli +R
s
ijkωls +R
s
ljkωsi
= −∇j∇lωik −∇j∇iωkl +R
s
ijkωls +R
s
ljkωsi
= ∇l∇jωki +R
s
iljωks −R
s
jklωsi −∇j∇iωkl +R
s
ijkωls
where we have used the Bianchi identity in the last step.
Remark. If vα, α = 1 . . .2n is a basis for TpM
2n and aαβ is the inverse
of aαβ := 〈vα, vβ〉 , then any vector w ∈ TpM
2n can be written in the form
w = aαβ〈w, vα〉vβ .
Now define the following tensor
ηij := 〈N(ei), N(ej)〉 = gij + ω
l
i ωlj
This is a positive definite, symmetric tensor as long as N is an isomorphism. Let
us also denote the inverse of ηij by η
ij . In the forthcoming we will always assume
that ei, i = 1 . . . n are not only defined on L but that we have chosen an extension
in a tubular neighborhood of L . All the stated equations like ∇eiej = . . . , etc.
will mean that this is true if we restrict these terms to the submanifold L . In
particular it will always be true that these results are independent of the chosen
extension for ei, i = 1 . . . n .
4 KNUT SMOCZYK
Proposition 1.3.
(a) ∇ekej = Γ
n
kjen − η
mnhmkjN(en)
∇lhikj −∇khilj = Rijkl + η
mnω sn (hmljhski − hmkjhsli)(b)
+ ηmnω si (hmkjhnls − hmljhnks)
(c) Rijkl = Rijkl + η
mn(hmikhnjl − hmilhnjk)
where an underlined index means that one has to take the image of this vector
under N , e.g. Rijkl = 〈R(ek, el)ej , N(ei)〉
Proof.
(a): The above remark with vi = ei, vi+n = N(ei), i = 1 . . . n gives
∇ekej = g
mn〈∇ekej , em〉en + η
mn〈∇ekej , N(em)〉N(en)
= gmn〈∇ekej , em〉en − η
mnhmkjN(en)
= Γnkjen − η
mnhmkjN(en)
(b): Let us choose normal coordinates for L at a fixed point p , then
Γkij , ∇eiej , [ei, ej ] = 0, ∇lhikj = hikj,l
and
∇lhikj −∇khilj = 〈∇ekN(ei),∇elej〉 − 〈∇elN(ei),∇ekej〉
+ 〈N(ei),∇ek∇elej −∇el∇ekej〉
= 〈∇ekN(ei),∇elej〉 − 〈∇elN(ei),∇ekej〉
+ 〈N(ei), R(ek, el)ej〉
With (a) we get
∇lhikj −∇khilj = Rijkl − η
mn
(
hmlj〈∇ekN(ei), N(en)〉 − hmkj〈∇elN(ei), N(en)〉
)
Now we compute
〈∇ekN(ei), N(en)〉 = 〈∇ek
(
J(ei)− ω
s
i es
)
, N(en)〉
= 〈∇ekJ(ei), N(en)〉 − ω
s
i 〈∇ekes, N(en)〉
since 〈es, N(en)〉 = 0 . Then
〈∇ekN(ei), N(en)〉 = −〈∇ekei, J(N(en))〉+ ω
s
i hnks
= 〈∇ekei, en + ω
s
n ω
p
s ep + ω
s
n N(es)〉+ ω
s
i hnks
= −ω sn hski + ω
s
i hnks
Inserting this equality in the above identity gives the desired result.
(c): This is only a reformulation of the Gauss curvature equations.
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Lemma 1.4.
∇lhkij −∇khlij = Rijkl +∇j∇iωlk + ω
s
i Rsjkl
+ ω sk Rsilj + ω
s
l Rsijk + η
mnω sn (hmljhski − hmkjhsli)
Proof. Using Proposition 1.1 we obtain
∇lhkij −∇khlij = ∇l(hikj +∇jωik)−∇k(hilj +∇jωil)
= ∇lhikj −∇khilj +∇k∇jωli −∇l∇jωki
and with Proposition 1.2 and 1.3 (b)
∇lhkij −∇khlij = Rijkl + η
mnω sn (hmljhski − hmkjhsli)
+ ηmnω si (hmkjhnls − hmljhnks) +∇j∇iωlk
+Rsiljωks +R
s
ijkωls −R
s
jklωsi
and by the Gauss curvature equations we have
ηmnω si (hmkjhnls − hmljhnks)−R
s
jklωsi = ω
s
i Rsjkl
which proves the lemma.
Definition 1.5.
H := Hidx
i := gklhikldx
i
is called the mean curvature form on L .
Remark. Using ηij to raise indices we can identify this 1-form with the vector field
ηmnHmen and N maps this vector field to the outward pointing mean curvature
vector field on L (the notion “outward pointing” does not really make sense in
arbitrary codimensions but we will denote this vector by outward pointing since
the construction is analogous to the construction of the outward pointing mean
curvature vector in codimension 1). Note that if L is Lagrangian then ηij = gij .
We are now going to prove that the following evolution exists at least on some
short time interval and is unique if L is compact. Therefore assume that L is a
compact manifold smoothly immersed into a Ricci-flat Calabi-Yau manifold by an
immersion F and assume that ηij is positive definite everywhere on L . We
want to find a smooth family of immersions Ft such that
(∗)
d
dt
Ft = −η
mnHmN(en) , F0 = F
Proposition 1.6. (∗) has a unique solution on a short time interval.
Proof. The proof is formally the same as for the mean curvature flow in codimen-
sion 1. We will use Hamilton’s existence theorem for evolution equations with
an integrability condition [2]. Let πN be the projection on the normal bun-
dle and πL be the projection on the tangent bundle of L . Here we have
d
dt
F = E(F ) = −ηmnHmN(en) . On the symbol level we get
g˜ij = gαβ
(∂Fα
∂xi
F˜ βξj +
∂F β
∂xj
F˜αξi
)
Γ˜lij =
1
2
gkl(g˜jkξi + g˜ikξj − g˜ijξk)
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which combine to
Γ˜lij = g
klgβγ
∂F β
∂xk
F˜ γξiξj
If we multiply 1.3 (a) with gkj we see that the symbol is given by
σDE(F )F˜α(ξ) = gij(ξiξjF˜
α − gklgβγ
∂F β
∂xk
F˜ γξiξj
∂Fα
∂xl
)
= |ξ|2g(F˜
α − πL(F˜ )
α) = |ξ|2gπN (F˜ )
α
Therefore we are done if we use πL(F˜ ) = 0 as our integrability condition.
We will need the evolution equations for gij and ωij .
Lemma 1.7.
(a)
d
dt
gij = −2η
klHkhlij
(b)
d
dt
dµ = −ηmnHmHndµ
(c)
d
dt
ω = dH
where dµ is the volume form on Lt .
Proof. From now on let us always assume that we have chosen normal coordinates
at a fixed point p ∈ L with respect to the metric gij such that in addition
ei, i = 1, . . . , n are eigenvectors for ηij , i.e. ηij becomes diagonal in this
coordinate frame. We will also assume that we have chosen normal coordinates at
p for the ambient manifold M . Under this assumptions it is easy to see that
d
dt
gij =
d
dt
(
gαβ
∂Fα
∂xi
∂F β
∂xj
)
= gαβ
∂
∂xi
(
dFα
dt
)
∂F β
∂xj
+ gαβ
∂
∂xj
(
dF β
dt
)
∂Fα
∂xi
= −ηmnHm〈∇eiN(en), ej〉 − η
mnHm〈∇ejN(en), ei〉
= −2ηmnHmhnij
which gives (a) and (b). For ω we can proceed similarly
d
dt
ωij =
d
dt
(
ωαβ
∂Fα
∂xi
∂F β
∂xj
)
= ωαβ,γ
dF γ
dt
∂Fα
∂xi
∂F β
∂xj
+ ωαβ
∂
∂xi
(
dFα
dt
)
∂F β
∂xj
+ ωαβ
∂
∂xj
(
dF β
dt
)
∂Fα
∂xi
Then we use the closedness of ω to obtain
d
dt
ωij = −ωβγ,α
dF γ
dt
∂Fα
∂xi
∂F β
∂xj
− ωγα,β
dF γ
dt
∂Fα
∂xi
∂F β
∂xj
+ ωγβ
∂
∂xi
(
dF γ
dt
)
∂F β
∂xj
+ ωαγ
∂
∂xj
(
dF γ
dt
)
∂Fα
∂xi
=
∂
∂xi
(
ωγβ
dF γ
dt
∂F β
∂xj
)
− ωγβ
dF γ
dt
∂2F β
∂xj∂xi
−
∂
∂xj
(
ωγα
dF γ
dt
∂Fα
∂xi
)
+ ωγα
dF γ
dt
∂2Fα
∂xi∂xj
=
∂
∂xi
(
ωγβ
dF γ
dt
∂F β
∂xj
)
−
∂
∂xj
(
ωγα
dF γ
dt
∂Fα
∂xi
)
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by the antisymmetry of ω . Finally
ω(
dF
dt
,
∂F
∂xi
) = −ηklHkω(N(el), ei) = −η
klHkg(J(N(el)), ei)
= ηklHkg(el + ω
n
l J(en), ei) = η
klHk(gli + ω
n
l ωni)
= ηklHkηli = Hi
and therefore
d
dt
ωij = Hj,i −Hi,j
which proves (c).
Proposition 1.8. For each compact time interval [0, T ] on which a smooth so-
lution of (∗) exists and the flow is well defined, i.e. where N is an isomorphism
we can find a positive constant such that
d
dt
|ω|2 ≤ ∆|ω|2 + c|ω|2
Proof. First we will need the evolution equation for |ω|2 := gikgjlωijωkl
d
dt
|ω|2 = −2gingkmgjlωijωkl
d
dt
gmn + 2g
ikgjlωij
d
dt
ωkl
Using Lemma 1.4 and 1.7 we obtain
d
dt
|ω|2 = 4gingkmgjlωijωklη
stHshtmn + 2g
ikgjlωij(∇kHl −∇lHk)
= 4gkmωnjω
j
k η
stHshtmn + 2g
ikgjlωijg
pq
(
Rpqlk +∇q∇pωkl + ω
s
p Rsqlk
+ ω sl Rspkq + ω
s
k Rspql + η
mnω sn (hmkqhslp − hmlqhskp)
)
= 4ωnlωmlη
stHshtmn + 2ω
klR
p
p lk +∆|ω|
2 − 2|∇iωkl|
2
+ 2ωklω sp R
p
s lk + 4ω
klω sl R
p
spk + ω
klηmnω sn (h
p
mk hslp − h
p
ml hskp)
Now it can be easily checked that each absolute term which depends quadratically
on ω can be bounded above by a term c|ω|2 since L× [0, T ] is compact, e.g. in
normal coordinates we see that this is true for a term of the form 2ωslωmlasm :
2ωslωmlasm = 2
∑
s,l
(
ωsl
∑
m
ωmlasm
)
≤ |ω|2 +
∑
s,l
(
∑
m
ωmlasm)
2
≤ |ω|2 + n
∑
s,l
∑
m
(ωml)
2(asm)
2 ≤ (1 + n|a|2)|ω|2
These constants depend on the dimension n , on ηij , hijk , T and the Riemann
curvatures. This gives
d
dt
|ω|2 ≤ ∆|ω|2 + c|ω|2 + 2ωklR
p
p lk
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The only thing which we have to prove is that the last term in the above inequality
can be bounded by a term of the form c|ω|2 . This will follow from the Ricci flatness
of the ambient space. Let us assume that vi is an orthonormal basis of eigenvectors
for ηij and that, at a fixed point p ∈ L we have chosen normal coordinates for
L such that ei = vi and that we have also chosen normal coordinates for M such
that the corresponding coordinate frame is given by ei, N(ei) . Then the metric
gαβ at this point is given by
gαβ =
(
gij 0
0 ηij
)
=


1
. . .
1
1
1−a1
. . .
1
1−an


where ai :=
∑n
l=1 ω
2
il . For the Ricci curvature we obtain
0 = Ric(Y,X) =
n∑
i=1
〈R(X, ei)ei, Y 〉+
n∑
i=1
1
1− ai
〈R(X,N(ei))N(ei), Y 〉
Using the Ka¨hler identity we see that this is equal to
0 =
n∑
i=1
〈R(X, ei)J(ei), J(Y )〉+
n∑
i=1
1
1− ai
〈R(X,N(ei))J(N(ei)), J(Y )〉
=
n∑
i=1
〈R(X, ei)N(ei), J(Y )〉+
n∑
i,l=1
ωil〈R(X, ei)el, J(Y )〉
−
n∑
i=1
〈R(X,N(ei))ei, J(Y )〉 −
n∑
i,l=1
ωil〈R(X,N(ei))J(el), J(Y )〉
+
n∑
i=1
ai
1− ai
〈R(X,N(ei))J(N(ei)), J(Y )〉
Now we use the Bianchi identity and see that
n∑
i=1
〈R(ei, N(ei))X, J(Y )〉 =
n∑
i,m=1
ωim〈R(X, ei)em, J(Y )〉
−
n∑
i,m=1
ωim〈R(X,N(ei))J(em), J(Y )〉
+
n∑
i=1
ai
1− ai
〈R(X,N(ei))J(N(ei)), J(Y )〉
If we choose X = el, Y = −J(ek) then we get
2ωklR
p
p lk = 2
n∑
i,k,l,m=1
ωklωimRkmli − 2
n∑
i,k,l,m=1
ωklωim〈R(el, N(ei))J(em), ek〉
+ 2
n∑
i,k,l=1
ωkl
ai
1− ai
〈R(el, N(ei))J(N(ei)), ek〉
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and since ai ≤ |ω|
2 and 1
1−ai
is bounded as long as N is an isomorphism, we
can bound each of these terms by a constant multiple of |ω|2 . That eventually
proves Proposition 1.8
Theorem 1.9. If L is a closed manifold, smoothly immersed as a Lagrangian
submanifold into a Ricci-flat Calabi-Yau manifold, then equation (∗) has a unique,
smooth solution at least on some short time interval and as long as the solution
exists all submanifolds Lt are Lagrangian submanifolds.
Proof. Existence and uniqueness follows from Proposition 1.6. To prove that this
flow preserves the Lagrangian structure we fix a time interval [0, T ] and look at
the function fǫ := |ω|
2 − ǫe2ct , where ǫ is an arbitrary, positive constant and c
is as in Proposition 1.8. Obviously fǫ(0) = −ǫ < 0 . On the other hand we obtain
from 1.8 that
d
dt
fǫ ≤ ∆fǫ + cfǫ − cǫe
2ct < ∆fǫ + cfǫ
Thus by the parabolic maximum principle we get that fǫ < 0 for all t ∈ [0, T ]
and all positive ǫ . Then we let ǫ tend to zero and obtain the inequality |ω|2 ≤ 0
on [0, T ] . Since also |ω|2 ≥ 0 this shows that |ω|2 has to vanish identically and
thus ω ≡ 0 . This proves the theorem.
2. The Lagrangian case
We turn our attention to the Lagrangian submanifolds. Since ω ≡ 0, ηij =
gij , N = J we can restate the equations in 1.1 and 1.3 which become very beautiful
Proposition 2.1.
(a) hijk = hjik = hjki
(b)
∂2F γ
∂xk∂xj
− Γnkj
∂F γ
∂xn
+ Γ
γ
αβ
∂Fα
∂xk
∂F β
∂xj
= −gmnhmkjJ
γ
β
∂F β
∂xn
(c) ∇lhkji −∇khlji = Rlkji
(d) Rijkl = Rijkl + g
mn(hmikhnjl − hmilhnjk)
These equations are true for any Lagrangian submanifold. If in addition L is
immersed into a Ricci-flat Calabi-Yau manifold then we also have the important
identity
(e) dH = 0
In the forthcoming we will set νs := ν
α
s
∂
∂yα
:= Jαβe
β
s
∂
∂yα
and eαij :=
∂2Fα
∂xi∂xj
.
10 KNUT SMOCZYK
Proposition 2.2.
(a) hjkl = ωαβe
α
jke
β
l + ωδγΓ
δ
αβe
α
j e
β
ke
γ
l
(b)
∂νγs
∂xi
= Γlisν
γ
l + h
l
si e
γ
l − e
α
i ν
β
s Γ
γ
αβ
Proof. (a) can be obtained by multiplying 2.1 (b) with gγδν
δ
l . For (b) we calculate
∇eiνs = 〈∇eiνs, νk〉νlg
kl + 〈∇eiνs, ek〉elg
kl
= 〈∇eies, ek〉νlg
kl − 〈νs,∇eiek〉elg
kl
= 〈∇eies, ek〉νlg
kl + hsikelg
kl
= Γlisνl + h
l
si el
On the other hand we have
∇eiνs = e
α
i ∇α
(
νβs
∂
∂yβ
)
=
(∂νγs
∂xi
+ eαi ν
β
s Γ
γ
αβ
) ∂
∂yγ
Both equations together imply (b).
The evolution equation now takes the form
(∗)
d
dt
Fα = −gmnHmJ
α
β
∂F β
∂xn
= −Hnναn
We also want to restate Lemma 1.7
Lemma 2.3.
(a)
d
dt
gij = −2H
lhlij
(b)
d
dt
dµ = −H lHldµ
(c)
d
dt
ωij = 0
Now we derive the evolution equation for hjkl . The best way to do this is
to assume that we have chosen double normal coordinates at a given fixed point
p ∈ L , i.e. normal coordinates for L and M . With Proposition 2.2 (a) and (∗)
we obtain
d
dt
hjkl = −ωαβ
∂2
∂xj∂xk
(Hnναn )e
β
l − ωαβe
α
jk
∂
∂xl
(Hnνβn)− ωδγΓ
δ
αβ,ǫH
nνǫne
α
j e
β
ke
γ
l
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since all other derivatives vanish in normal coordinates. Let us denote these three
terms by A, B and C . For A we get
−ωαβ
∂2
∂xj∂xk
(Hnναn )e
β
l = H
n
,jkgln +ωβα(H
n
,jν
α
n,k +H
n
,kν
α
n,j)e
β
l + ωβαH
nναn,jke
β
l
Using 2.2 (b) we see that this simplifies to
A = Hn,jkgln + ωβαH
nναn,jke
β
l
= Hn,jkgln + ωβαH
ne
β
l (Γ
m
jnν
α
m + h
m
nj e
α
m − e
γ
j ν
δ
nΓ
α
γδ),k
= Hn,jkgln + ωβαH
ne
β
l (Γ
m
jn,kν
α
m − h
m
nj h
s
mkν
α
s − Γ
α
γδ,ηe
η
ke
γ
j ν
δ
n)
again since all other derivatives vanish and because of ωαβe
α
i e
β
j = 0 . Finally
A = Hn,jkgln + glmΓ
m
jn,kH
n −Hnh mnj hlmk − ωβαH
nΓ
α
γδ,ηe
β
l ν
δ
ne
η
ke
γ
j
= (Hn,j + Γ
n
jmH
m),kgln −H
nh
m
nj hlmk − ωβαH
nΓ
α
γδ,ηe
β
l ν
δ
ne
η
ke
γ
j
= (∇jH
n),kgln −H
nh
m
nj hlmk − ωβαH
nΓ
α
γδ,ηe
β
l ν
δ
ne
η
ke
γ
j
= ∇k∇jHl −H
nh
m
nj hlmk − ωβαH
nΓ
α
γδ,ηe
β
l ν
δ
ne
η
ke
γ
j
since in normal coordinates ∇k∇jH
n = (∇jH
n),k . For B we obtain
B = −ωαβe
α
jk
∂
∂xl
(Hnνβn) = ωαβh
s
jkν
α
s (H
n
,lν
β
n +H
nh mnl e
β
m) = −H
nhskjhnls
where we have used 2.1 (b) and 2.2 (b). Now ωβαe
β
l = gαβν
β
l . Combining A, B
and C gives
A+B + C = ∇k∇jHl −H
n(h mnj hmkl + h
m
nl hmkj)
−Hn(gαβΓ
α
γδ,ην
β
l ν
δ
ne
η
ke
γ
j − gδγΓ
δ
αβ,ǫν
ǫ
nν
γ
l e
α
j e
β
k )
After rearranging indices in the last term we see that this term equals
−Hn(gαβΓ
α
γδ,ην
β
l ν
δ
ne
η
ke
γ
j − gδγΓ
δ
αβ,ǫν
ǫ
nν
γ
l e
α
j e
β
k ) = H
ngαβ(Γ
α
γη,δ − Γ
α
γδ,η)ν
δ
nν
β
l e
η
ke
γ
j
But since we have chosen normal coordinates this is exactly
Hngαβ(Γ
α
γη,δ − Γ
α
γδ,η)ν
δ
nν
β
l e
η
ke
γ
j = H
nRηδγβν
δ
nν
β
l e
η
ke
γ
j = H
nRnklj
Therefore we obtain the result
Lemma 2.4.
d
dt
hjkl = ∇k∇jHl −H
n(h mnj hmkl + h
m
nl hmkj) +H
nRnklj
Note that the RHS of 2.4 is a symmetric three tensor since this is true for hjkl .
This can also be proved directly by using the rule for interchanging derivatives, the
Gauss curvature equations, the first Bianchi identity and the Ka¨hler identity.
If we assume that L is being deformed by a different 1-form θ then it can
be easily checked that the same calculations as above give the general evolution
equations
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Lemma 2.5.
(a)
d
dt
gij = −2θ
lhlij
(b)
d
dt
dµ = −θlHldµ
(c)
d
dt
ω = dθ
(d)
d
dt
hjkl = ∇k∇jθl − θ
n(h mnj hmkl + h
m
nl hmkj) + θ
nRnklj
Let d† denote the negative adjoint to d , i.e. d†θ = ∇iθ
i = gij∇iθj . We want
to calculate the time derivative of the mean curvature form
Lemma 2.6.
d
dt
H = dd†θ
Proof. Using 2.5 (a) and (d) we see that
d
dt
Hk =
d
dt
(gjlhjkl) = 2g
jmglnθshsmnhjkl +∇kd
†θ − 2θnh lmn hmkl + θ
nR
l
nkl
The last term is a Ricci curvature and vanishes and two terms cancel which gives
d
dt
Hk = ∇kd
†θ .
L is called special Lagrangian, if it is Lagrangian and calibrated with respect
to the real part of the Calabi-Yau form. Since calibrated manifolds are minimal we
obtain as a direct consequence of 2.5 (c) and 2.6:
Corollary 2.7. If L is a family of special Lagrangian surfaces evolving under θ
then θ has to be closed and coclosed, i.e. harmonic.
Let us finally prove the following identity which might be useful for further
investigations of the mean curvature flow.
Proposition 2.8.
∇i∇jhrsk = ∇r∇shijk +∇iRjrsk +∇rRisjk
+ hnskRnjri + h
n
jkRnsri + h
n
jsRnkri
+ hnisRnkrj + h
n
ikRnsrj + h
n
rjRnksi + h
n
rkRnjsi
− hnirRnjks + h
n
ijRnrks − h
n
rsRnikj + h
n
riRnskj
+ hnsk(h
m
nr hmji − h
m
ni hmjr) + h
n
jk(h
m
nr hmsi − h
m
ni hmsr)
+ hnjs(h
m
nr hmki − h
m
ni hmkr)
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Proof. Using 2.1 (c) and the rule for interchanging derivatives we obtain
∇i∇jhrsk = ∇r∇ihjsk +∇iRjrsk + h
n
skRnjri + h
n
jkRnsri + h
n
jsRnkri
= ∇r∇shjik +∇iRjrsk +∇rRisjk
+ hnskRnjri + h
n
jkRnsri + h
n
jsRnkri
Then the result follows from the Gauss curvature equations and the fact that
∇iRjrsk = ∇iRjrsk − h
n
ijRnrks + h
n
riRnjks
+ hnisRnkjr − h
n
ikRnsrj
Theorem 2.9. Assume that Lt = Ft(L) is compact, orientable and evolves under
the mean curvature flow and that x0 is an arbitrary but fixed point on L .
(a) There exists a unique smooth family of functions φt , smoothly depending on
time such that
Ht(x) = H0(x) + d
(∫ t
0
∆τφτ (x)dτ
)
∆t
(
φt −
∫ t
0
∆τφτ (x)dτ
)
= d†tH0
φt(x0) = 0
in particular the cohomology class of H does not change.
(b) If the first Betti number of L vanishes, then there exists a unique smooth family
of functions φt such that
Ht = dφt
d
dt
φt = ∆tφt
min
L
φ0 = 0
Proof. Define the form H˜t(x) := H0(x) + d
(∫ t
0
d†τHτ (x)dτ
)
where we integrate
pointwise. This form surely exists, since d†tHt is smooth. For the time derivative
we obtain
d
dt
H˜t = dd
†
tHt =
d
dt
Ht
and since H˜0 = H0 we conclude H˜t = Ht . Now we use the decomposition
theorem and can express Ht as a unique sum Ht = ψt + dφt , where d
†
tψt = 0 ,
φt(x0) = 0 and ψt, φt are smooth. Then d
†
tHt = d
†
tdφt = ∆tφt . This proves
(a). (b) is a direct consequence of (a) since then the harmonic part ψt ≡ 0 and
therefore
Ht −H0 = d(φt − φ0) = d
(∫ t
0
∆τφτ (x)dτ
)
This implies
d
(∫ t
0
d
dt
φτ −∆τφτ (x)dτ
)
= 0
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which means that there exists a smooth function f(t) such that d
dt
φt −∆tφt =
f(t) . Now define φ˜t := φt−
∫ t
0
f(τ)dτ−minLφ0 . This function has all the desired
properties. If φt, φ˜t are two functions with the same properties then d(φt−φ˜t) = 0
and consequently there exists a function f(t) such that φt = φ˜t + f(t) . Since
d
dt
(φt − φ˜t) = ∆t(φt − φ˜t) = 0 we conclude that this function is a constant c
which has to be zero since minL φ0 = minL φ˜0 = 0 . This proves uniqueness.
Remarks and questions. There are many interesting questions arising from this con-
text. First of all the above calculations show that the mean curvature form of a
Lagrangian submanifold is closed if the ambient space is a Ricci-flat Calabi-Yau
manifold. Therefore it makes sense to define the mean curvature class [H] as
the cohomology class of the mean curvature form. If L is a minimal Lagrangian
submanifold then clearly [H] = 0 . The question is, if any Lagrangian submani-
fold with trivial mean curvature class can be deformed into a minimal Lagrangian
submanifold of the same topological type. If L is compact, orientable and if the
first Betti number of L vanishes then H is exact. Are minimal Lagrangian
submanifolds automatically special Lagrangian? Under what conditions can one
deform a Lagrangian submanifold into a special Lagrangian? Is this possible if and
only if the mean curvature class of the initial surface vanishes? We also note that
the mean curvature vector has to vanish at least in one point if the Lagrangian sur-
face cannot admit an everywhere nonzero, smooth tangent vectorfield because the
complex structure would map this vector field to a smooth and nowhere vanishing
tangent vector field. If the mean curvature form is exact and L is closed then the
mean curvature has to vanish at least in two points, since then H = dφ and the
smooth function φ has at least one maximum and one minimum on L .
Another remarkable fact is that the pair (Lagrangian, special Lagrangian) seems
to be analogous to the pair (U(n) holonomy, SU(n) holonomy). Since it has turned
out in the past that the mean curvature flow and the Ricci flow are always giving
analogous results, one might ask under what conditions does the Ricci flow or
perhaps a different flow preserve the holonomy of a metric. There are already some
interesting results with respect to that question [1].
If one wants to deform a special Lagrangian manifold through special Lagrangian
manifolds then the corresponding 1-forms have to be closed and coclosed, i.e. har-
monic. This is sufficient and necessary and has been proven in [6] (we only proved
that this is necessary). Unfortunately there is no canonical harmonic 1-form known
which could be used to deform such a surface. The most obvious approach would be
to define a coordinate system on the moduli space of special Lagrangian manifolds
by requiring that the cohomology class does not change, thus giving something like
geodesic normal coordinates (see [8]). However there are still great difficulties in
particular the existence of such a flow has not been proven. Assuming that a special
Lagrangian manifold moves under a flow generated by a harmonic 1-form one imme-
diately gets a good insight in the structure of the evolution equations by studying
the corresponding evolution equations for the mean curvature flow on Lagrangian
submanifolds. This is very analogous to the situation of a hypersurface evolving in
an ambient space. In that case the equations induced by the mean curvature flow
and those coming from different curvature functions are very similar (see [7]) and
the equations for a Lagrangian surface flowing along its mean curvature are also
analogous to those coming from a deformation of special Lagrangian surfaces by
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harmonic 1-forms as we have already seen. Thus the study of the mean curvature
flow on the moduli space of Lagrangian submanifolds in a Ricci-flat Calabi-Yau
manifold would help much in understanding what happens to special Lagrangian
surfaces.
Any smooth submanifold has a mean curvature vector and therefore it would
be possible to investigate the mean curvature flow in arbitrary codimensions. But
so far this has only been done for hypersurfaces (e.g. [5]). The reason is that a
hypersurface has a unique (up to the sign) unit normal vector. Given a basis of the
tangent space one can therefore identify this basis with a basis of the normal space
which in that case has dimension 1. For a Lagrangian submanifold this can be
achieved by using the complex structure J and this makes it possible to compare
the different second fundamental forms on L which is a severe problem for a
general submanifold.
There might be a greater number of canonical deformations. Given any smooth
family of functions f(t) on L one gets closed 1-forms θt , namely θt = dft .
Obviously dft is closed independent of the metric on L and therefore independent
of the immersion of L into M . The corresponding flow (if it exists) would preserve
the Lagrangian structure since always d
dt
ω = dθt . On the other hand there is a
great number of canonical, smooth functions on L . These functions are the
eigenfunctions of the Laplace operator, i.e. ∆fi+λif = 0 . It would be interesting
to study the behaviour of L under these flows, i.e. with ∆tf(t) + λi(t)f(t) = 0 .
Acknowledgements. During the preparation of this paper the author has been
a Post-Doc fellow of the Alexander von Humboldt Foundation and would like to
thank S.T. Yau for his hospitality and his interest in this paper. The author also
thanks E. Zaslow for useful discussions.
References
1. H.D. Cao, Deformation of Ka¨hler metrics to Ka¨hler-Einstein metrics on compact Ka¨hler
manifolds, Invent. Math. 81 (1985), 359–372.
2. R.S. Hamilton, Three manifolds with positive Ricci curvature, J. Differ. Geom. 23 (1986),
69–96.
3. F.R. Harvey, Spinors and Calibrations, Academic Press, 1990.
4. R. Harvey, H.B. Lawson, Calibrated Geometries, Acta Math. 148 (1982), 47–157.
5. G. Huisken, Contracting convex hypersurfaces in Riemannian manifolds by their mean cur-
vature, Invent. math. 84 (1986), 463–480.
6. R. McLean, Deformations of calibrated submanifolds, Duke preprint (1996).
7. K. Smoczyk, Symmetric hypersurfaces in Riemannian manifolds contracting to Lie-groups by
their mean curvature, Calc. Var. 4 (1996), 155–170.
8. A. Strominger, S.T. Yau, E. Zaslow, in preparation.
Mathematics Department, Harvard University, Cambridge, MA 02138, USA
E-mail address: ksmoczyk@abel.math.harvard.edu
